Lower bounds on decentralized optimization problems

under a constant constraint on the change of edges per
iteration in a communication network.
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Introduction in Decentralized Optimization

We have a graph G = (V, E), where the vertices v € V are called nodes,

and each node v corresponds to a function f,,, which we call the local
function of v.
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We have a graph G = (V, E), where the vertices v € V are called nodes,
and each node v corresponds to a function f,,, which we call the local
function of v.

Intuitively, the graph G is a network of interconnected computers that can
communicate only if they are connected by an edge. Each computer stores
its function and information in local memory.

The generalized optimization problem is to find such a value

x'e”ﬂ{m f(x) Z fi(x
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Example of a network

Undirected network
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The concept of time-varying networks

At each moment of time, we have a graph representing the network with a
fixed set of vertices and corresponding functions. Edges can appear or

disappear over time. Consequently, we have a sequence of graphs {G;}%°;.
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Types of algorithm

iterations
. . / \
Communicational . .
. . Local iteration
Iteration
Weighted linear sum Local gradient-based
of neighbor's values computations
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The concept of time-varying networks

At each moment of time, we have a graph representing the network with a
fixed set of vertices and corresponding functions. Edges can appear or
disappear over time. Consequently, we have a sequence of graphs {G;}%°;.

{Types of algorith m}

iterations
. . / \
Communicational . .
. . Local iteration
Iteration
Weighted linear sum Local gradient-based
of neighbor's values computations

Yo % e e

Example sequence of graphs on four vertices: G — G, — G3 — Gy
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Laplacian Matrix of a Graph and Weighted Laplacian

Ly(W) = q —w; if i #j and (v;,vj) € E
0 otherwise

where E is the set of graph edges, and wj; is the weight of the edge (v;, vj).
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Laplacian Matrix of a Graph and Weighted Laplacian

Ly(W) = q —w; if i #j and (v;,vj) € E
0 otherwise
where E is the set of graph edges, and wj; is the weight of the edge (v;, vj).
Example:

Consider a graph with 3 vertices and edges (v1, v2), (v2, v3) with weights
Wio — 2 and W23 — 1.

The weighted Laplacian matrix for this graph looks as follows:

2 -2 0
L(W)=|-2 3 -1
0 -1 1
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Gossip Matrices

@ For each round of decentralized communication k € {0,1,2,...},
consider a matrix Wy € R"™" that satisfies the following conditions:
Q [Wi]i; =0, if i #jand (i,)) ¢ Ex,
Q ker Wi D {(x1,....,x0) ER" :xa = -+ = xp},
Q ImWi C{(x1,....,x) €R": >, x; =0},
© There exists y > 1, such that ||[Wx — x||> < (1 — x71)||x]|* for all
x € {(x1,...,xn) ER": DT x; =0}
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Amax (L(Gk))
Amin(L(GK))
@ For a time-varying network, x can be chosen as an upper bound for
the numbers x, defined as x = sup y«.
k

Laplacian of an undirected connected graph G. Then y =

@ We will call x the condition number of the time-varying network.
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Consensus Procedure

Consensus from the point of view of each node:

k+1 _ k_k k k
X; = w;X; + E Wi X;

(ij)€Ex
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Consensus Procedure

Consensus from the point of view of each node:
k+1 _  k_k Z k k
X; = w;X; + Wi X;
(ij)€Ek
Consensus in matrix form:

Xk+1 — kak
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Known Communication Complexity Lower Bounds

Table 1: Known lower bounds on communication complexity for decentralized

optimization. Here a > 0 is a scalar, and d € N is a constant. Complexity
depends on the maximum number of edge changes allowed per iteration.

Number of Lower Bound Citation
changes
12 /Loy 1
no changes | Q (X u log 6) Scaman et al. [2017]
O(n) Q (X ﬁ log i) Kovalev et al. [2021]
O(n%) Q (X ﬁ log i) Metelev et al. [2023]
O(log n) (mﬁx ﬁlog i) Metelev et al. [2023]
12(d - 1) | Q (Xd/(dH) LiogL)| Metelev et al. [2023]
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Main Result

Table 2: Lower bound on communication complexity for decentralized
optimization with two edge changes per iteration.

Number of changes Lower Bound

2 Q (X\/%Iog %)

Such a result was obtained due to a properly chosen counterexample
matrix and the following lemma:

For every graph G = (V/, E) there exists a weighted Laplacian L(G) with
X(L(G)) < 2Dn, where n = |V| and D is the diameter of G.
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Example of a network

.

Figure 2: Counter-example graph for the last result
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