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History

«Hard» problem of measure’s theory

Does there exist any measure 1 on bounded subsets of R” such that:

o u([0.1)7) = 1
e If A and B are congruent sets then u(A) = u(B)

o If E =22 Ex then u(E) =>"72 1 n(Ex)?

Such measure does not exist even in RL.
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History

«Easy» problem of measure’s theory

Does there exist any measure p on bounded subsets of R” such that:
o u([0,1]") =1
e If A and B are congruate sets, then p(A) = u(B)
o If E =0 Ey then pu(E) = >0 u(Ex)?

Theorem (Banach)

The «Easy» problem of measure’s theory has a solution for R' and R?, but it is not
unique.

Theorem (Hausdorff)

The «Easy» problem of measure’s theory is unsolvable for R", n > 3.
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Banach’s measure on £

Banach’s limit

Definition
A functional B: ¢, — R is called the Bahach's limit if
e B(1)=1

e B(x)>0forany x>0
e B(Tx) = B(x) for any x where T(x1,x2,x3,...) = (x2,x3,...).
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Banach’s measure on £

Ultrafilter

Definition

A family F of subsets of a set is called a filter if
o J Q JF
e if BCAand Be Fthen A€ F
e ifABec Fthen ANB e F.

An inclusion-wise maximum filter is called the ultrafilter.
If Neer F # @ then ultrafilter is said to be principal.
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Banach’s measure on £

Limit along ultrafilter

Definition

Let F be a non-principal ultrafilter on N.

Let (X, d) be a metric space and x € X. Let {x,}: N — X be a bounded sequence of
points. We say that x is a F-limit of x,,, denoted as x = limz x,,, if for every £ > 0 it
holds that {n : d(x,,x) < e} € F.
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Banach’s measure on £

Construction of Banach limit on /., and measure on N

Let F be a free ultrafilter on N. Let x = (x,) be a bounded real sequence. Then the
functional ¢: {o, — R defined by

X1 +X2+ ...+ Xy
n

o(x) = Ii}_'n

is a Banach limit. )

Define £: 2V — (., by ¢(A) := x where x, = 1 if n € A and x, = 0 otherwise.
Then define ug(A) := p(¢(A)).
The measure upg is shift-invariant, locally finite, finitely-additive, o-finite.
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e Learn base of Banach limits in /o and Lo (R)

e Construct spaces L, with Banach measure and obtain properties of Fourier
transform in these spaces.
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