Knaccudumkauma coBoKYnHOCTEU KPUBbIX
Ha NOBEPXHOCTAX NPU ABUXEHUSAX,
COXPaHAKLWMNX KOFrepeHTHOCTb

YeTbIPexXyroyibHUMKOB COOTBETCBYHOLLErO
pa3oneHus

noa pykosogctsom B.O.MaHTypoBa

[TnaTtoH Mapynes
rpynna b05-126




[ naBHasa rmnotesa >

e

Mbl paccmaTpmBaeM COBOKYNMHOCTU KpuBbIX C Ha E
NOBEPXHOCTH
Onp : PerMoH - 3To KOMNOHEHTA CBA3HOCTU E / C.

s Bo3moXHa pacckpacka pernmoHsl B 6enbin/4YepHbI.
Kaabl permoH romeomMopdoeH OUCKY.

[na nto6on cCOBOKYMHOCTU KPMBLIX A CYLLECTBYET TOSbKO 0AgHa MUHUMarnbHasa (C TOUKM
3peHNst ABMXEHUIN) COBOKYMNMHOCTb KPpUBbLIX B(C TOYHOCTLIO 40 ABMXEHUS 3), B KOTOPYH MOXHO
nonacTb (C MOMOLLLIO OBUMXEHUIN) 13 A.

COOTBETCTBEHHO ECTb 9Ta COBOKYNHOCTb B ByaeT MnHMManbHa 1 rno KonnyecTBy
nepecevyeHnin KpuBbIX.
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[TpegmncnoBmne(oTkyaa nosiBunach 3Ta > ﬂ
3agava) 2%, - S48
OcHOBHas Teopema

Theorem 1.1. Consider a tiling of a closed oriented surface by quadrilateral tiles.
Assume that the vertices of the tiling are colored black and white, so that every edge
connects vertices of different color. Associate to each black (resp., white) vertex
a point (resp., a line) in the real/complex projective plane, so that all these points

and lines are distinct and njo point lies on any of the lines associated with adjacent
vertices. For each tile

A—1
I

(here A and B are points and { and m are lines), consider the incidence condition
(%) the points A, B, and ¢ N'm are collinear.

If condition (%) holds for all tiles but one, then it also holds for the remaining tile.
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KorepeHTHOCTb pa3bueHuns

the points A, B, and £ " m are collinear.
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Theorem 3.1 (G. Desargues, ca. 1639). Let a,b, ¢ be distinct concurrent lines on the
complex/real projective plane. Pick generic points A1, As€a, B1,Ba2€b, C1,Cs€c.

Then the points A = (BlCl) [ (BQOQ), B = (AlCl) N (AQCQ), {; = (AlBl) [ (AQOQ)
are collinear. See Figure [4)}
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Ay, Aa, and bN ¢ are collinear (given);

A1, B, and a; N ¢ are collinear (given);
A1, C, and a1 Nb are collinear (given);
As, B, and ag N c are collinear (given);

(given);

)

)

As, C, and a9 N b are collinear (given

B, C, and aj Nas are collinear (to be proved).
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TpeTbe OBMXEeHUNe



Lpyrve BaXxkHble onpeneneHns u cbaK,Tbl >
;,, 13”

A, ¢)(B,m) CMeWaHHoe MepeKpecmHoe
(A, m)(B, ¢’ COOMHOWEHUE

mixed crossed-ratio

(A, Bt m) =

Definition 4.1. Let n > 2. Let Ay,..., A, (resp., ¢1,...,¢,) be an n-tuple of points
(resp., lines) on the real/complex projective plane. Assume that each point A; does
not lie on either of the lines ¢; and ¢;—; (with the indexing understood modulo n).
Consider a topological disk P with 2n marked points on the boundary, labeled by
Aq,l1,...,An, by, in this order. (See Figure 27}) We call the 2n-gon P coherent if
the associated “generalized mixed cross ratio” (Aq,...,An;41,...,¢,) is equal to 1:

(4.1) (A, BBy B (A1, £€1)(Ag, L) (Ap, L

S

) _
<A2,€1><A3}€2> i b <A1?£n> = 1,

)



YnpoLueHHas runoTesa 223

Ecnun mbl bygem gonyckaTb TOSIbKO MepBble aABa
OBWXEHUS, TO Ana Ntodbon CoOBOKYMHOCTU KPpUBbLIX A
CYLLECTBYET TOSMbKO OHA MUHUMarbHAasA (C TOYKU 3PEHUS
OBWMXEHNN) COBOKYMNMHOCTb KPpMBbLIX B, B KOTOPYIO MOXKHO
nonacTtb (C NOMOLLbIO ABMXEHNN) U3 A.

COOTBETCTBEHHO €CTb 3Ta COBOKYMHOCTb B OygeT
MUHMMAarbHAa U MO KONMYECTBY NepecevYeHnii KpuBbIX.



Jlemma o gnamaHTe v

[1aH 6eCKOHEeYHbIV OPNEHTUPOBAHHBLIN rpad 6e3
OPUEHTUPOBAHHbIX LMKNOB N BECKOHEYHbIX NYyTEWN.

N3BeCTHO, 4YTO ecnn U3 BepLUMHbI a BeayT pebpa B

BepLnHbl b 1 ¢, To cyllecTByeT BeplinHa d, 4OCTUXMMAsA U
n3 b, n ns c.

Torga aonsa nobon BepLUnHbI rpadpa HanaeTcs
edVHCTBEeHHaa OOCTUXXMMaa BepLUMHA C HyNeBoOU
NCXOOSALLEN CTENEHLIO.



[lokasaTenbCcTBO yTBEpPXOEeHUS s D
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« O0a oBmXeHns1 yMeHbLLAOT KONUYECTBO NepeceyeHunm
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[ naBHasa rmnotes3a anga cepbl(NNOCKOCTU) ., @
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JTtoByto COBOKYMHOCTb KPUBbIX MOXXHO NMepeBectTu c = -~ -f-—
NMOMOLLbIO OABMXEHUN B TPMUBUATbHbLIN LUKI(3aMKHYTas

KpnBasa 6e3 nepeceyeHnn).

3aMeTuM, YTO eClIM Mbl AOKa)XeM, YTO Nnoka B
COBOKYMHOCTU KPUBbIX €CTb NepecevyeHmnsi, Mbl MOXeM
YMeHbLUATb X KONMMYECBTO, TO, O4EBUOHO, YTO Mbl MOXEM
NPUNTU K COBOKYMHOCTU U3 HEMEpeceKarLnxca
TPMBUManbHbIX LUMKMNOB. HO T.K. y HAC TONbLKO NepBbLle ABa
OBWXEHUA MEHAKT KONMMMYECTBO Y3MN0B, 3HAYUT, B KOHLE Y
Hac NosIy4YnTCHA NPOCTO OObLIYHBLIV TPUBMASIBbHbLIWN LIUKIT.



[lokasaTenbLCcTBO rnaBHOM g’
rmnoTesbl Ans (chepbl)NNOCKOCKM -+~

Onp. Xopowias netnsd - neTns, y KOTopou
KpacHasa YacTb KpUBOW HE caMoOnepeceKkaeTco.

YTB. ECnn B COBOKYNHOCTU KPUBLIX €CTb cCaMonepeceyeHne, To ECTb U
XopoLlasa netns.

PaccmoTpum camonepecedyeHne ¢ MUHUMarnbHOM ANMMHOW KpacHOoM

KpnBoW. Toraa ecnu KpacHasa KpuBasa camorepeceKkaeTcs, ToO 3TO
camoriepecedyeHne NMeET MEHbLLE AONUHY.



[ NnaBHasn naesa gokasatenbcrea - » %,

Upes:

Ecnun B COBOKYMHOCTM KPUBLIX €CTb caMornepecevyeHne, To
PACCMOTPUM XOPOLLUY NETSII0 C MUHUMAIIbHOMN NMOLWaabio U
nonpobyem «ygannTb» ee TOYKY nepecevyeHusa(Mcrnonbays 1
OBWXEHUe).

YT1B.

3aMeTnM, YTO Toraa BHYTPU 3TOU XOPOLLEWN METNU
camonepeceyeHnn He dyaer.

Ecnun ecTb caMoriepecevyeHne, 10 y Hero eCrtb XxopotLlee

neTnsi, Kotopas byaer nexaTtb B M3Ha4YarbHOW XOPOLLEN NeTne.



YMeHbLLEHNE KonnyecTBa Touek o
nepeceyeHnsa B XOpoLlUen netrne.

B npouecce nameHeHus
TPEeyronbHMKOB BHYTPU NETSIN C
MOMOLLbIO 3 ABMKEHUS KONTMYECTBO
TOYEK B NETNE HE YBENUYNBAETCA.
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[Metns ¢ Toukom O - Hawa xopLiaga neTns.
A - bnmxanwas Touka nepecedeHuss ana O(B Kakyto-
TO CTOpPOHY). C - ana B(Ha COOTBETCTBYIOLLEN KPUBOW).
AHanorn4yHo Hangem ana D v T.4.

Upesn:

Ecnun B TpeyronbHuke Tuna CBD He ByaeT KpuBbIX,TO
ero MOXHo byaeT pewwmnTb C MOMOLLBIO TPETLEID

AOBUNXEHNA.

B Kakon-TO MOMEHT, 04eBUAHO, Mbl MOMYyYMM TaKoU
TPeyronbHuUK, T.K. Nnowanb y TPeyroribHUKOB
YMEHbLLAETCH.

A 3HaAYMT, Mbl CMOXEM pa3peLLUnTb U TPEYroSibHUK
OAB, T.e. YMEHbLUUTb KONIMYECTBO TOYEK BHYTPU
XOpoLUen neTnu.
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PaspellueHune nepecevyeHnn pasHbIX

KPUBbIX
Mbl n3baBunmcb OT camornepecevyeHnn B Hallewn

COBOKYIMNMHOCTU KPUBbIX.

Tenepb Mbl XOTUM «MU30aBUTCA» OTOObLIYHbLIX
nepecevyeHun.

He TPYAOHO MNOHATb, UTO A€eJ1aeTCA 3TO aHAaJI0OTM4YHO.



Ccblinka Ha oCHOBHY cTaTbtlo PomMuHa-lbinsgHckoro: htips://www.arxiv.org/abs/2305.07728
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